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We have measured the temperature dependence of the longitudinal resistivity ρxx of a two-
dimensional electron system in the regime of the quantum Hall plateau transition. We extracted the
quantitative form of scaling function for ρxx and compared it with the results of ordinary scaling
theory and variable range hopping based theory. We find that the two alternative theoretically
proposed scaling functions are valid in different regions.
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The study of the transition regions separating adjacent
quantum Hall (QH) states is an active topic of research in
the filed of two dimensional electron systems[1, 2]. Sev-
eral experimental groups have studied the temperature
dependence of the half width for the longitudinal resis-
tance ρxx, and of the maximum slope in the Hall resis-
tance ρxy between neighboring Hall plateaus[3, 4]. A
remarkable quantum phase transition has been demon-
strated by showing a scaling behavior in temperature:
dρxy
dB
|Bc∝ T−κ and ∆B ∝ T κ with critical exponent κ.
However, in sharp contrast to short range alloy potential
scattering in InGaAs/InP samples, AlGaAs-GaAs het-
erostructures has long range Coulomb scattering which
results in nonuniversality of the temperature exponent
κ[5, 6]. Nevertheless, recently Li et al. realized sev-
eral AlxGa1−xAs-GaAs samples where dominant contri-
bution of the disorder is from short range random alloy
potential fluctuation by varying Al concentration x and
observed a perfect scaling with κ = 0.42[7].
There are extensive theoretical works to understand
this quantum critical phenomena and the actual value of
κ. The easiest way to see this is to consider a experi-
ment where the magnetic field B is being varied to make
the chemical potential move through Ec to cause the
delocalization-localization transitions. In analogy with
other localization transitions, one expects a power-law
divergence of localization length ξ ∝ |B −Bc|−v, where
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v is the localization critical exponent. Since the exper-
imental data were measured at finite temperature, the
quantum phase coherence length sets an effective finite
system size L. Usually L scales with temperature as
L ∝ T−p2 or T− 1z , where p or z is called the dynamical
exponent. In the critical region, resistance tensor scales
as ρuv = ρcf(L/ξ), where f is a scaling function which
can derived from the microscopic calculation. Then one
obtains ρuv = ρcf(|B −Bc|T−κ), the scaling function of
both the longitudinal resistance ρxx and the Hall resis-
tance ρxy, where the exponent is expressed as κ = p/2v.
Most of the experimental work on the plateau transition
in QH effect can be quantitatively understood on the ba-
sis of the scaling law defined above, which has sometimes
been referred to as the one-parameter scaling theory[8].
Along this way, a great deal of theoretical work has
been carried out to study the quantity v[9, 10], and
p[11, 12, 13, 14], using different models and different
calculation techniques. Several years ago, Sheng and
Weng[15] consider the Anderson Hamiltonian subjected
to a strong magnetic field, use Kubo formula, and find
that the longitudinal resistivity in the critical region well
follows a simple exponential form:
ρxx = ρc exp(−s), s =
(
c0 |i− ic|v
T
1
z
)
, (1)
where ρc is the resistivity of critical point, s is a scaling
variable, z is the dynamical exponent, v is the localization
exponent, i = hn/eB is the filling factor, is the critical
point and c0 is a constant.
On the other hand, an alternative way to obtain this
scaling phenomena is to argue that the transport in the
2plateau transition is dominated by variable range hop-
ping (VRH) in the presence of Coulomb interaction. By
assuming VRH transport responsible for broadening of
the σxx peaks, Polyakov and Shklovskii[16] also arrives
at an explicit expression of scaling function
σxx = σ0 exp(−
√
T0
T
) (2)
with a temperature dependent prefactor σ0 ∝ 1/T . Using
an appropriate definition of scaling variable, we obtain
σxx = σ
∗x exp(−
√
T ∗x), x =
|i− ic|v
T
(3)
where x is a scaling variable, σ∗ and T ∗ is a con-
stant. Why such hopping-based strong localization the-
ory should have validity in the scaling regime is not
clear[17]. However the above two approaches looks very
different, we are not aware of a direct measurement to
verify them in the same sample.
In a former paper, we have reported the plateau-to-
plateau transitions and corresponding exponents κ[18].
In the present paper, we focus on the quantitative form of
the scaling function f in the transition regime and com-
pare it with the above two theoretical results. The sample
we measured was grown by molecular-beam epitaxy and
consists of a 25 nm wide GaAs well bounded on each side
by undoped and Si δ-doped layers of Al0.35Ga0.65As. It
has a low-temperature mobility µ = 2.1 × 105 cm2/V s
and the electron density Ns is fixed at 2.8 × 1011 cm−2.
The sample is of high quality as it shows very strong inte-
ger QH states. In order to measure ρxx and ρxy, we use a
standard ac lock-in technique with electric current I = 10
nA and frequency of 13 Hz. In the present experiment
we use a 4He cryogenic system from 1.7K to 4K, and fur-
ther experiment in lower temperature (several mK-1K
region) using Oxford Dilution Refrigerator will appear
soon[21]. We would emphasize that although most of QH
plateau transition experiments are performed at lower
temperature (below 1K), we are interested in the transi-
tion behavior at at somewhat high temperature (above
1K). Nevertheless, the sample can also clearly show the
scaling behavior in the plateau transitions at tempera-
ture region above 1K.
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FIG. 1: The plateau to plateau transition in longitudinal re-
sistivity and Hall resistivity vs magnetic field.
For simplicity, we focus on the transition from i = 3 to
i = 4 integer QH states. In Fig.(1) we plot ρxy and ρxx
vs B at different temperature from 1.79K to 2.69K. A
ρxx peak that widens with T and accompanying step in
ρxy clearly show the transition between the neighboring
plateaus around filling factor i = 3, 4.Next, we convert
the ρ’s to conductivity σ’s using the standard matrix
conversion,
σxx =
ρxx
ρ2xx + ρ
2
xy
, σxy =
ρxy
ρ2xx + ρ
2
xy
(4)
and plot the σ traces in Fig.(2).
One way of extracting quantitative informations from
the transition is by conducting a scaling analysis of the
data. In Fig.(3), ρxx is plotted as a function of scaling
variable s defined in Eq.(1). While the critical point ic =
hn/eBc ≈ 3.4 can be directly obtained form the data, we
vary the value of z until we obtain the optimal collapse of
the ρxx traces obtained at different T ’s. We find that the
longitudinal resistance exhibits a exponential dependence
such as Eq.(1) in the critical region covering a range for
ic < i < 3.6. The corresponding scaling functions start
to deviate from the exponential form beyond the critical
region. The resulting values of the critical exponent, κ =
1/zv = 0.69, are indeed close to the values obtained from
ordinary approaches using the relations
dρxy
dB
|Bc∝ T−κ
and ∆B ∝ T κ[18].
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FIG. 2: Longitudinal conductivity and Hall conductivity vs
magnetic field.
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FIG. 3: ρxx as a function of the scaling variable s. We use the
data of 3-4 transition. Dashed line is the function of Eq.(1)
of variable s.
In Fig.(4), σxx is plotted as a function of scaling vari-
able x defined in Eq.(2). We vary the value of v until
all experiment points of σxx fall onto a straight line as
represented by the scaling function in Eq.(3). We find
that the longitudinal conductivity σxx exhibits a scaling
function dependence such as Eq.(3) in the transition re-
gion covering a wide range from 3.5 < i < 3.8. The
corresponding scaling functions start to deviate from the
form of Eq.(3) beyond the above region. The resulting
values of the critical exponent, v = 2.35, are indeed close
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FIG. 4: σxx as a function of the scaling variable x. We use the
data of 3-4 transition. Dashed line is the function of Eq.(3)
of variable x.
to the values obtained from Koch. et al [5, 19].
In our experiment, we obtain ρxx or σxx data to study
the plateau transition in the region 3 ≤ i ≤ 4. From
the above analysis, we find that both two scaling form
are valid for different regions of plateau transition (one is
near the critical point ic ≈ 3.4, 3.4 < i < 3.6, the other is
slightly far from the critical point 3.5 < i < 3.8). Here we
proposed an possible physical explanation to support this
difference. In integer QH effect, since the Fermi energy
is in a region of localized states when the Hall resistivity
is quantized and the longitudinal resistivity vanishes, it
can be concluded from the wide plateau that most of the
electron states are localized at low temperatures. Actu-
ally Paalanen et al. estimated that, in an AlGaAs-GaAs
heterostructres at 50mK, 95% of the states in each Lan-
dau level are localized[20]. The mechanism for the con-
ductivity is variable range hopping (VRH) in the pres-
ence of Coulomb interaction. Thus we may expect that
VRH can dominates the conductivity in the transition
regime, when the localization length ξ becomes much
smaller than the effective temperature length L. This
means Eq.(3) is valid in the region which is slightly far
from the critical point ic (eg. 3.5 < i < 3.8 in our sam-
ple). On the other hand, metal-insulator transition dom-
inates the conductivity in the transition regime, when the
4localization length ξ becomes much large than the effec-
tive temperature length L. Then Eq.(1) is valid in the
region which is near the critical point ic (eg. ic < i < 3.6
in our sample). Thus the two different scaling function
are valid in different regions in the plateau transition.
In conclusion, we have measured the temperature de-
pendence of the longitudinal resistivity ρxx of a two-
dimensional electron system in the regime of the quantum
Hall plateau transition. We extracted the quantitative
form of scaling function for ρxx and compared it with two
alternative theoretically proposed scaling functions. Fur-
ther we determine different regions where the two alter-
native theoretically proposed scaling functions are valid
in the same sample. However we focus on the behavior
at high temperatures, similar experiment in lower tem-
perature (several mK-1K region) would be discussed in
the near future[21].
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